Entangled continuous variable (CV) Gaussian states with different wavelengths plays a central role in recent CV-based approaches to quantum network, quantum information processing and quantum metrology. Typically, experiments demonstrating CV entanglement exploit the optical parametric frequency down conversion. Due to the probabilistic nature of photon pair generation, the entanglement involving the postselection of photonic qubits is limited to at most three colors. Here We theoretically present a scheme for the deterministic generation of entanglement among bright multicolor CV Gaussian states from an optomechanical system using existing experimental technologies. In our scheme an optical frequency comb is input into an optomechanical resonator and then the amplified optomechanical coupling makes multipartite entanglement among them. Our scheme overcomes the limitation of usable frequency of entangled CVs in frequency conversion process. It can be extended to generate multipartite entanglement between orthogonal modes with a single frequency or between microwave and optical CVs, or even among a microwave frequency comb. This optomechanical device can be integrated on a chip. * keyu.xia@mq.edu.au 1 arXiv:1507.07310v1 [quant-ph] 27 Jul 2015
Multipartite entanglement of continuous variable (CV) cluster states is not only of fundamental scientific interest [1] , but also the key ingredient for quantum information technologies such as universal quantum computation [2, 3, 4] , quantum metrology [5, 6] , gravitational wave detection [7] , and even quantum network of clocks [8] .
A number of different techniques for the generation of entanglement in the CV regime have been proposed and experimentally realized. Entangled CV cluster states are created by combining squeezed Gaussian states generated from optical parametric oscillator (OPO) on beamsplitter but is limited to one frequency [9, 10, 11, 12] . Signal and idler photons generated from OPOs during the frequency down conversion (FDC) are naturally entangled but limited to two color [13, 14, 15, 16] . This FDC-based technique is only extended up to entangle three-color CVs [1, 17] due to two limitations: the probabilistic nature of FDC and the available frequency reduced by half in each FDC. We note that Four-wave mixing technique has been demonstrated to be able to create quantum correlation among three-color CVs but entanglement is not clear [18] .
To date, entangled CV cluster states has only been generated up to two colors in frequency domain via the probabilistic FDC recently [13, 15, 16] , or in spatial modes [12] , or in time domain via optical group delay [9] . However, the wavelength or color of entangled CV states is limited by available optical nonlinear crystals or materials. In this work, we propose a method using a multimode optomechanical system to create entanglement among multicolor CV cluster state. We apply an optical frequency comb (OFC) of coherent laser field to drive the cavity modes on-resonance. In our configuration, the reflected CV Gaussian states off cavity with at least ten colors around each cavity mode frequency are entangled. Our scheme overcomes the fundamental limitation of mode number of entangled CVs in frequency domain.
Results
Theoretical description. The setup for generation of multicolor CV entanglement is illustrated schematically in Fig. 1(a) . The optical frequency comb is filtered and then incidents to the first optical grating. The spectra decomposited by this grating is modulated by a liquid crystal light modulator (LCLM) with fast response to the amplitude and phase of each spectral line [13] , and then is combined by the second optical grating. The modulated optical frequency comb incidents into the optomechanical resonator supporting optical cavity multimode, which has resonance frequency ω j and intrinsic loss rate of κ i, j for the jth mode. The jth CV mode of optical frequency comb at frequency ω L, j drives the corresponding jth cavity mode with an amplitude of ε j , and an external coupling rate of κ e, j . One of two mirrors of optomechanical resonator oscillates with frequency Ω m0 and its motion decays with a rate of γ m0 . The mechanical motion of this movable mirror couples to the jth cavity mode with a rate of g om, j . The optical fields reflected off the OMR is isolated from the input fields by a highly reflective beam splitter. Using this setup, we can create entanglement among the multicolor CV modes of OFC.
Under the rotating-wave approximation of the driving, the Hamiltonian describing the interaction between the optical modes and the mechanical motion is [19] :
with the detuning ∆ j = ω j − ω L, j . Here a j and b are the annihilation operators of the jth cavity mode and the mechanical motion, respectively. g om, j is the zero-point optomechanical coupling rate of the jth cavity mode. Driven by multi CV modes in OFC, the cavity modes and the mechanical motion can reach the steady state [19, 20] ,ā j = a j ss = √ 2κ e, j ε j i∆ j +κ j , β = b ss = − i j g om, j |ā j | 2 iΩ m0 +γ m0 Figure 1 : (a) Schematic setup for generation of multicolor entanglement in optomechanical systems. The spectrum decomposited by the fist optical grating from an optical frequency comb is modulated by a liquid crystal light modulator (LCLM) and then is combined by the second optical grating. This modulated frequency comb is input into a multimode optomechanical resonator and subsequently is reflected off the optomechanical system. The optomechanical resonator creates entanglement between the spectral lines (with frequency ω L, j ) of the input optical frequency comb. (b) Entanglement of two modes when G = 0.3Ω m0 . The plot shows V where
One of the criteria for analyzing multipartite entanglement of CV modes is Duan criteria [29] and its extension [30] written directly in terms of these correlations, as sums of variances V jl between modes j and l:
for j l. It suffices to demonstrate M-partite entanglement as long as the above inequality is violated for j < l and j, l ∈ {1, 2, · · · , M} [1, 31] . The degree of violation indicates the degree of entanglement. Note that the inequality Eq. 30 is not necessary optimal for searching the largest entanglement but its violation is a sufficient criterion for inseparability. Next we present a simply closed formula for estimation of the correlation and variance for the case all cavity modes are identical, i.e. ∆ j = ∆, G j = G, κ e, j = κ e , and κ i, j = κ i . Although bipartite squeezed states have been proposed in optomechanical systems by applying the red-detuned and blue-detuned multitone driving simultaneously [32] , it is hard to be scaled for multipartition entanglement. Here we take the scheme using a single zero or small detuned driving recently demonstrated in experiments for squeezing a single optical mode in optomechanical systems [21, 28, 33] . Therefore, we take ∆ ≈ 0. We define δ ± = Ω m0 ± ω and δ −1 = δ −1
+ , and assume that |δ| γ m0 . Under this condition, for cavity modes with identical decay and optomechanical coupling rates, we have
with η = κ e /κ andΓ meas = 4G 2 κ κ 2 ω 2 +κ 2 . According to Eq. 7, if one quadrature, e.g. X out , is correlated, another quadrature, Y out , will be anticorrelated. As shown in Fig. 1(b) , the minimal variance is obtained around |θ| = π/2, 3π/2. However the frequency width of entanglement is small (also see supplementary material). In contrast, the optomechanical system has a broad width where entanglement is realized when |θ ± π/2| = pi/4. Next we focus on |θ| = π/4. In the region of |ω| ∼ Ω m such that δ 2 (δ −2
the variance as sums of correlations is
The first term is the Duan's bound. The entanglement between the jth and lth modes requires |δ|
. Interestingly, the largest achievable entanglement is independent of the optomechanical coupling strength, but is limited by the number of involved cavity modes.
According to our analysis above, the perfect coupling regime [21] , i.e. η = 1, is preferable for our aim to create entanglement. In this regime, the reflectivity of the coherent driving fields are almost unitary. Therefore, the reflected beams include many photons implying bright output beams. The violation of inequality Eq. (30) implies the entanglement of strong CV Gaussian states. Although one-mode squeezing of light has been demonstrated in optomechanical systems in both the unresolved-sideband regime [21] and the resolvedsideband regime [28] , we will focus on the unresolved-sideband regime and the perfect coupling regime in our discussion below. We also take values for parameters, ∆ = 0, Ω m0 = 0.1κ, Q m = 10 6 ,n th = 10 3 , κ i = 0.
Entanglement of two CV modes. When two cavity modes are identical in detuning, ∆ j = ∆ = 0, optomechanical coupling strength, G j = G, and decay rates, κ e, j = κ e and κ i, j = κ i , the variances V jl are equal for any j and l. If we drive the cavity modes properly, we are able to create entanglement of multicolor CVs. For example, the variance can be below the Duan's bound (blue region in Fig. 1(b) ) in the centre of the reflected CV modes corresponding to the driving modes in the output, |ω − Ω m | < 0.95Ω m for θ = −π/4, −3π/4. Entanglement also can be obtained over the frequency region of |ω − Ω m | > 1.03Ω m for θ = π/4, 3π/4. The minimal variance can be down to almost 1 at θ = π/2, implying a violation of Duan's bound by 3 dB.
Four-color entanglement. We now examine how the random varying optomechanical coupling and decay rates, which are hard to control precisely in experiments, affect the degree of entanglement. In Fig. 2 , we calculated all variance V jl for j < l for four output CV modes. Pink lines show the variance for identical parameters and samples using Eq. (5) in Eq. (30) . To analyzing the influence of random variation of parameters in various samples, we present the variances of ten samples with independent normally distributed random optomechanical coupling rate, G j and decay rate, κ e, j with variance of 10% of their mean value. It is found that all six variances ( j < l) can be as low as 1.75, yielding a considerable four-color entanglement. .
Ten-color entanglement. Ten-color entangled CV cluster state is illustrated in Fig. 3 . Figure 3 12 of ten random samples with random parameters G j and κ e, j taking a normal distribution with variance of 5% of mean value. Obviously, this amount of variance in parameters only changes the entanglement nature slightly. The variance between any two of ten cavity modes in an optomechanical resonator with identical G j and κ e, j for one sample is shown in Fig. 3(b) . The minimal variance V min is dependent on the optomechanical coupling, G. It decreases from 2 to a limit of 2 − η/M as G increases, see blue line. Considering that the characteristic of solid-state devices is diverse from sample to sample, we examine the variance of each CV mode pairs over one hundred random samples, of which the parameters have the same mean value, but is distributed normally with variances of 5% (see Fig. 3(c) ). Clearly, all variances, V (10) jl , are below the Duan bound, although they may vary over a small range. The average is about 1.9. It implies a ten-color entangled CV cluster state.
Experimental implementation. We take a Fabry-Pérot cavity containing a Si 3 N 4 membrane in the middle as our optomechanical implementation. The whole system is at low temperature, T ∼ 500mK [34, 35] . For simplicity we assume that this FP cavity supports 10 modes with different resonant frequencies but identical decay rates κ/2π = 1MHz [34] and κ i /2π negligible [34] . The membrane we use has Q m = 4 × 10 6 and Ω m0 /2π = 134kHz [35, 36] corresponding to the thermal phonon number ofn th = 8 × 10 3 . We drive the cavity modes with a frequency comb from on-chip optomechanical resonators [37, 38] . Under on-resonance driving at each mode with input powers of P in = 80µW exciting the photon number of ∼ 1.4 × 10 8 in each cavity mode around λ ∼ 1064nm. Such driving is strong enough to amplify optomechanical couplings to 0.1Ω m0 . In this optomechanical system the minimal variances of V (10) min ∼ 1.89 < 2 is obtained at ω − ω L j ≈ 1.052Ω m0 ( j ∈ {1, 2, · · · , 10}). Therefore, we create an entangled ten-color CV cluster state. If we apply our scheme to the microwave-optomechanical system developed by Andrews et al. [39] , we can create entanglement between microwave and optical signals by reducing the variance to V (2) min ∼ 1.3 (Ω m0 /2π = 380kHz, Q m > 10 7 , Ω m0 /κ ∼ 0.25, T = 40mK,n th = 2.2 × 10 3 and G = 0.1Ω m0 ). for j, l ∈ {1, 2, · · · , 10} at ω = 1.04Ω m0 . Bars show the minimal and maximal variances evaluated over one hundred (S = 100) samples with random coupling rate, G m, j , and external coupling rate, κ e,m, j , varying within a normal distribution with variance of σ = 5%. G = 0.1Ω m0 , θ = −π/4.
Discussion
In summary, we studied the multicolor entanglement of bright CV states from optomechanical systems. Entanglement up to ten CV modes has been demonstrated, while the output fields have many photons. It is found that the largest violation of Duan's bound among two-color CV modes is bounded by a limit of 3dB (|θ| ∼ π/2). To create multicolor entanglement our on-chip optomechanical setup only requires on-resonance driving of the corresponding multimode of cavity. Our proposal does not rely on the probabilistic wave mixing process and therefore can also be extended to generate entanglement between microwave and optical photons [39, 40] or even in microwave frequency comb [41, 42] . Our work provides routes towards microwave or optical quantum frequency comb. It may enable quantum frequency comb-based applications in quantum information processing and quantum network.
Supplementary material: Deterministic generation of bright multicolor entanglement from optomechanical systems
In this supplementary material we present the detailed derivation of the output noise power spectral density of continuous variables (CVs) and the formula for their variance between two different cavity modes.
Model

Hamiltonian and quantum Langevin equations
Our setup for multicolor entanglement of CVs is schematically illustrated in Figure 1(a) . An optical frequency comb (OFC) laser incidents on the first optical grating and then is decomposited into a set of spectral lines with carrier frequency ω L, j . Each spectral line is modulated in amplitude and phase by the liquid crystal light modulator for proper driving of cavity modes. These spectrally modulated OFC is combined by the second optical grating and then is applied to drive the cavity modes with rates κ e, j . The OFC field is reflected off the cavity to the output. The quantum noise in the output fields is squeezed due to the optomechanical interaction.
The Hamiltonian governing the evolution of multimode optomechanical system in Fig. 1 takes
where ∆ j = ω j − ω L, j is the detuning between the jth cavity mode and its driving, g om, j is the optomechanical coupling between the cavity mode a j and the mechanical motion b.
The quantum Langevin equation reads [22, 23] a j = −(i∆ j + κ j )a j − ig om, j (b † + b) + 2κ e, j ε j + 2κ e, j a in,e, j (t) + 2κ i, j a in,i, j (t)
Where κ i, j and γ m0 are the intrinsic loss rate of the jth cavity mode and the mechanical decay rate of mechanical resonator. All loss rates are necessarily accompanied by random fluctuating inputs a in,e, j , a in,i, j , and b in (t), for optical quantum noise from the external coupling channel, intrinsic loss channel and mechanical noise. We have a in,e, j = a in,i, j = 0 and b in = 0.
In the steady state, we have
with ∆ j = ∆ j + 2g om, j β. Now we linearize the operators as a j →ā j + a j and b → β + b [19, 20] , and then have the Hamiltonian after the linearization reads as
with G j = g om, jā j . Then the quantum Langevin equations (QLEs) for a and b becomeṡ
with the effective detuning becomes ∆ j = ω j − ω L, j + 2g om, j β and the total decay rate of cavity mode is κ j = κ e, j + κ i, j . Below we assume all G j are real because we can tune the detuning and the driving ε j .
To solve the Langevin equation in frequency domain, we define the Fourier transformation
The optical cavity susceptibility for the jth cavity mode is
The mechanical susceptibility χ m (ω),
connects the mechanical response to the environmental noise and the optical vacuum fluctuations incident on the optical cavity. Applying the relation
At temperature of T , the correlations for noises are a in,e,
Typically,n o, j ≈ 0 at light frequency. We also have the correlation for mechanical noise,
.n o, j andn th are the thermal photon and phonon occupancies, respectively.
By manipulation of Eq. (17) the mechanical motion in frequency domain can be expressed as the response to mechanical noise and the optical vacuum fluctuations through the optomechanical coupling
Substituting Eq. 18 into a j (ω), we have
Output field
The output field connects to the cavity mode field through the input-output relation, a out, j (ω) = −a in,e, j (ω) + 2κ e, j a j (ω). Defining
, then we have the output field
To study the entanglement of the output field, we define the fluctuation operators for X and Y quadratures as [1, 21] 
X quadrature
We define X quadrature of the output as
with ζ j (ω) = e iθ χ * R j (−ω) − e −iθ χ R j (ω) and ζ j (−ω) = −ζ * j (ω).
Thus, the correlation of x quadrature between the jth and lth cavity modes can be evaluated by
Merging some terms, we have
Y quadrature
Similar to X quadrature, we define Y quadrature as
with
, and have the correlation 
Using the above approximation we obtain the correlation 
Obviously, our Eq. (29) for a single mode, j = l, agrees with the output noise power density in [21] after replacing κ with κ/2 and settingn o = 0. Entanglement of bipartite CV states is obtained when |δ| > 
The bipartite entanglement of CV states requires |δ| > MΓ meas /2 + Ω mnm /Q m . At the optimal frequency |δ opt | = 
